Friendship Networks and Academic Success:
The Impact of Class Size and (Gender

e L] *
Composition
Winfried Pohlmeier® Livia Shkoza”
University of Konstanz, Zeppelin University Kreditanstalt fiir Wiederaufbau

Derya Uysal®
University of Munich, CESifo

December 15, 2025

Abstract

This study examines how heterogeneity in classroom characteristics affects the
influence of peer interactions on educational outcomes. Using unique friendship net-
work data from German upper secondary schools, we investigate the roles of class size
and gender composition in shaping academic achievement. To capture these dynam-
ics, we propose a Multivariate Instrumental Variable (MVIV) approach that extends
conventional homogeneous peer effects models and accounts for error heterogeneity
across networks.

Our findings demonstrate that neglecting classroom-specific heterogeneity leads
to biased conclusions. By integrating these variations, we uncover new structural
insights into how classroom composition influences peer effects and, in turn, student
performance.

Keywords: Network Heterogeneity, Peer Effects, Instrumental Variables, Educa-
tional Achievement, Class Size, Gender Composition

JEL classification: D85, L14, C3, 121

*Financial support by the Graduate School of Decision Sciences (GSDS), the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation) under Germany’s Excellence Strategy - EXC 2117 -
422037984 and the TAAE is gratefully acknowledged. Derya Uysal gratefully acknowledges financial sup-
port by DFG through CRC TRR 190. The usual disclaimer applies. The authors report there are no
competing interests to declare.

°Department of FEconomics, Ludwigstr. 33, D-80539 Munich, Germany. email:
Derya.Uysal@econ.lmu.de.

PKreditanstalt fiir Wiederaufbau (KfW), Palmengartenstrafie 5-9, D-60325 Frankfurt am Main, Ger-
many. email: livia.shkoza@kfw.de.

Department of FEconomics, Universitatsstrale 1, D-78457 Konstanz, Germany. email:
Winfried.Pohlmeier@uni-konstanz.de.



1 Introduction

Understanding how peers’ outcomes influence an individual’s educational achievements is
a fundamental and widely studied question. Peer effects can operate across multiple di-
mensions, yet the extent to which this heterogeneity impacts student performance has
received limited attention. For instance, peer effects may vary depending on the size of
the peer group or the average performance of its members. Moreover, individuals within
the same peer group may be affected differently due to differences in their socio-economic
background. This paper examines the heterogeneity of peer effects at the network level,
focusing specifically on the role of class size and gender composition. To investigate this,
we introduce a novel Multivariate Instrumental Variable (MVIV) approach, which facili-
tates the estimation of heterogeneous peer effects while maintaining standard identification
assumptions in network data.

Peer effects in education are often analyzed within a reduced-form framework, despite
their inherently network-based nature. The limited number of studies adopting a network-
theoretic approach is largely attributable to the scarcity of suitable network data. To the
best of our knowledge, most existing research on network peer effects in education re-
lies on the National Longitudinal Study of Adolescent to Adult Health (Add Health) (see
Bramoullé et al., 2009; Boucher et al.| [2014). In this paper, we examine heterogeneous peer
effects on school grades using unique network data from 99 secondary school classes in Ger-
many. By leveraging previously unused network data, our study provides new insights into
how specific network characteristics influence individual educational performance. Specifi-
cally, we analyze the impact of gender composition and class size on student grades through
peer interactions.

Peer effects in educational contexts are often analysed using Manski’s linear-in-means

framework (Manski, [1993). In a linear-in-means model, the individual outcome is modelled



as a linear function of own characteristics and the average outcome of the peer group.
The coefficient on the average peer outcome is referred to as the endogenous peer effect.
It measures how an individual’s outcome changes when the average achievement of her
friends increases. Because peers influence each other simultaneously, this coefficient is not
identified by OLS in general.

Observed friendship networks provide additional structure that can be exploited to
identify and estimate endogenous peer effects. Bramoullé et al.| (2009)) show that, in linear-
in-means models with observed networks, endogenous peer effects can be identified by using
averages of the exogenous characteristics of second-order (and higher-order) peers as instru-
ments. The key property is that the covariates of “peers of peers” shift friends’ outcomes
but, conditional on the network, do not directly affect the individual’s own outcome. This
generates exogenous variation that identifies the endogenous peer effect, in close analogy
to IV-GMM strategies used in spatial lag models (e.g., Kelejian and Pruchal 1998, 1999);
see also Bramoullé et al.| (2020) for a recent survey.

The standard linear-in-means model assumes that peer effects operate exclusively through
the average outcome of one’s peers. While this specification is widely used, it imposes a
strong and somewhat ad hoc restriction: it presumes that only the peer-group mean mat-
ters for individual behaviour. At the same time, a different strand of the literature models
peer influence as operating through the aggregate (or total) outcome of the peer group,
reflecting the idea that peers work as complements and that the productivity of a student’s
own effort increases with the overall quality of her friends. Relying on only one of these
mechanisms is also a restrictive modelling choice.

The composite peer-effects model of [Liu et al.| (2014) provides a unifying framework
that nests both channels. In this model, peers can affect an individual through the aver-
age outcome of her friends and through the aggregate (total) outcome of the peer group.

Accordingly, the composite specification contains two endogenous peer effects: (i) a local-



average peer effect, capturing the influence of the average achievement of one’s friends,
and (ii) a local-aggregate peer effect, capturing the influence of the total achievement of
the peer group. These components arise naturally from utility-maximising behaviour in
network games (e.g. |Calvé-Armengol et al. 2009; Blume et al., 2015). Within this frame-
work, the local-average peer effect has a behavioural interpretation as a desire to conform
to the group norm, whereas the local-aggregate peer effect reflects the strength or overall
resources of the peer group.

In our application, we extend this composite model by allowing both peer-effect com-
ponents to vary with class characteristics, specifically class size and gender composition,
which enables us to examine how the strength and direction of peer effects change across
different classroom environments.

In most peer effect studies, the implicit assumption is that endogenous peer effects
are homogeneous across networks. Consequently, empirical evidence on how network at-
tributes affect peer effects in education, particularly those exploiting network information,
is rather limited. Notable exceptions are (Calvo-Armengol et al| (2009) and |Lin (2014).
Calvo-Armengol et al.| (2009) investigate the relationship between peer effects and network
topology, providing graphical evidence that the strength of the network effect varies with
certain structural network measures, such as density, asymmetry, and redundancy. Simi-
larly to us, Lin (2014) examines how network heterogeneity affects peer effects in education.
She divides the sample into subsamples based on class size and gender to estimate peer
effects for each group separately. She finds significant differences between peer effects in
large and small classes but does not find a significant difference between the peer effects
of the two subsamples by gender proportion. In contrast to these studies, we examine the
link between network characteristics and endogenous peer effects in a structural framework
using a regression approach. Masten! (2018) also explores peer effect heterogeneity in edu-

cation, but in his study, the endogenous peer effect is pair-specific and purely random, not



driven by observable network attributes, which distinguishes our approach.

A more frequently studied type of heterogeneity in peer effect models is heterogeneity
by gender of the peers. The idea is that female and male peers may have different peer
effects, and their influence might also vary, effectively leading to a four-dimensional peer
effect. For example, using a laboratory experiment on individual performance at work,
Beugnot et al. (2019) estimate gender-specific peer effects based on the model by |Arduini
et al. (2014). From a technical perspective, the approach of |Arduini et al.| (2014) is sim-
ilar to the composite model, as both allow for different peer effects arising from multiple
networks. However, Arduini et al.| (2014) propose a model with two endogenous variables,
two adjacency matrices, and both within- and between-group interactions.

One strand of the literature on gender effects in school performance focuses on differ-
ences in outcomes for girls in single-sex and coeducational classes (see, for a review Mael
et al., 2005; Morse, 1999)). Observational studies yield somewhat mixed results: some pro-
vide evidence of positive effects of single-sex schools, while others suggest no significant
difference. Another line of research examines the gender peer effect using exogenous vari-
ation in gender due to experimental or quasi-experimental research designs. For instance,
Hoxby| (2002) and |Lavy and Schlosser| (2011)) find that the proportion of female students
positively impacts students’ cognitive achievement. However, none of these studies explic-
itly considers the network structure within classrooms. The common thread across these
studies is that gender (or the gender ratio) is included as a regressor in reduced-form equa-
tions. In contrast, our structural approach considers the gender ratio’s impact on academic
success through the endogenous peer effect. This indirect effect has a clear structural inter-
pretation: observed differences in academic success between classes with different gender
compositions stem from distinct collaborative patterns captured by peer effects.

Finally, our study contributes to the ongoing debate on the impact of class size on

academic achievement, a topic for which empirical evidence remains inconclusive. For



example, Hanushek| (1996)) and Hoxby| (2000) find no significant effect of class size reduc-
tion on student performance. Similarly, Dobbelsteen et al. (2002) report that students in
smaller classes do not necessarily achieve better academic outcomes and, in some cases,
even perform worse than their peers in larger classes. In contrast, studies by |/Angrist and
Lavy| (1999) and Krueger (1999), along with more recent research by Heinesen| (2010) and
Fredriksson et al.| (2012)), find a substantial positive effect of smaller class sizes on aca-
demic achievement. Much like research on gender effects, most empirical studies on class
size focus on its direct impact on academic success within reduced-form frameworks and
therefore do not identify the channels through which class size operates in determining stu-
dent achievement. By explicitly modelling heterogeneous peer effects, our approach sheds
light on how class size shapes peer behaviour and, in turn, academic achievement.

The outline of this paper is as follows. In Section 2], we introduce the composite network
model and elaborate on its identification conditions. Moreover, we present the new MVIV
approach for modelling and estimating heterogeneous peer effects. In Section [3, we describe
our network data and discuss further implementation issues. Finally, Section [5[ concludes

and provides an outlook for future research.

2 The Network Model and Estimation

As a baseline model, we rely on the composite peer effects model by |Liu et al.| (2014). We
consider a set of L independent networks, each consisting of n; agents (the network size)
and an overall number of observations N = Zle n;. The social connections for network [
are indicated by the adjacency matrix A; = [a;;,], where a;;; = 1 if agent ¢ in network [ is
connected to agent j, and a;;; = 0 otherwise. The diagonal elements a;;; are set to zero. The
reference group of agent ¢ in network [ is the set of their peers, and the size of the reference

group is the outdegree a;; = E’]”: L @iji- Let Gi = [gi;1] be the row-normalized adjacency



matrix of network [, with elements g;;; = a;j;/a;;, where, by construction, 0 < g;;; < 1
and Z;”: 1 9i5; = 1. For agent 4, the component (Gyy;); = > ; 9i71Y;, 1s the average outcome
of her peers, whereas (Ajy;); = > j @ijiy; is the sum (aggregate) of peers’ outcomes.

The econometric specification for the composite peer effects model is of the form

ny ny ny

Vie =M A Ty + > Giia® g + Bad Y @iiatia + Bt Y Gijavia + it (1)

j=1 7j=1 7=1

fori=1,...,nyand [ =1,...,L and E[g/| z;, A;,m] = (ﬂ In this specification, v captures
the direct effect of an individual’s own characteristics x;;, while v, measures contextual
effects of the average peer characteristics ). gijix;i. The coefficients 3,; and 3,; are the
network-specific endogenous peer-effect parameters. The coefficient ,; captures the local-
average peer term » ; Gijiyj1 and therefore measures how y;; responds to a change in the
average outcome of ¢’s peers, holding the size of the peer group fixed. The coefficient 3,
captures the local-aggregate peer term » ; @ijay;. and therefore measures how y; ; responds
to a change in the total outcome of the peer group, which depends both on peer achievement
and on the number of peers. Finally, the network-specific intercept 7, represents correlated
effects at the classroom level.

Bramoullé et al.| (2009) assume that error terms in (1)) are independent across observa-
tions but heteroskedastic. Here we also impose within-network independence of the error
terms but allow for clusters at the network level.

Under homogeneity of the peer effects, i.e., 8,; = (8, and ,; = B4, our model reduces
to the (homogeneous) composite model of [Liu et al. (2014). The composite model nests

two specifications, the local-aggregate (8,; = 0) and the local-average model (5,; = 0).

!This exogeneity assumption is strong but rather common. It requires that there are no unobserved
factors that affect both the link formation and the outcome variable. Among others, [Bramoullé et al.
(2009) and [Liu et al.| (2014) rely on the same assumption in their applications to the schooling context.
Alternatively, one could rely on a model with endogenous link formation. See for example [Auerbach
(2022) and [Johnsson and Moonl| (2021)) for endogenous link formation approach. However, incorporating
heterogeneous peer effects into such models is not straightforward. We leave this for future research and
focus on the heterogeneity aspect of peer effects.



In matrix notation, the general specification for network [ takes the form

Y = Mitn, + Xoy + X vy + Baayi' + Beayl + 1, (2)

/
where Y = (yig, o Und)s U = AYL yl = GiYy, Xi = [y @9y @yy] and X =
G X;, while ¢, = (g1, ..., €n,1) and ¢, is an n; x 1 vector of ones.
We partial out the network-specific level effects via transformation by multiplying

by J, =1, — nianl L;” from left. Because Jjt,,, = 0, the transformed model is

Yl = Xl’}/ + Xlg”)/g + Banla + 5g,lﬂig + él ; (3)

where the “symbol denotes left multiplication by J;, i.e., Y = J;'Y,. The regressor matrix
W, = [X’l )E'lg g gf] with dimension n; x k,,, where k,, = 2(1 + k, ), has column full rank.

Following |Bramoullé et al. (2009)) and Liu et al.| (2014)), the endogenous peer terms in
are instrumented using (i) the aggregate exogenous characteristics of peers, A X, for
the local-aggregate component, and (ii) the average characteristics of second—order peers,
G#X,, for the local-average component. The key restriction is that, conditional on an
individual’s own covariates and on the observed composition of her direct peer group (X
and G;X;), neither A;X; nor G?X; affects y;; directly. Instead, these variables influence
outcomes only through peers’ outcomes: A;X; shifts the aggregate quality of the peer
group, whereas G7X shifts peers’ peers and therefore changes the mean behaviour of the
direct peers. This provides excluded variation in A;Y; and G;Y;, the two endogenous peer
channels, while satisfying the exclusion restriction. The formal identification conditions for
the local-average and local-aggregate components are given in Bramoullé et al.| (2009)) and
Liu et al. (2014)).

Intuitively, the following happens: each student’s outcome depends on (i) the average



outcome of her friends, (ii) the aggregate outcome of her friends, (iii) her own characteris-
tics, and (iv) the average characteristics of her friends. If there are students who are friends
of her friends but not directly connected to her, then variation in the exogenous characteris-
tics of these “friends of friends” affects her friends’ outcomes (because each friend’s outcome
depends on the characteristics of their peer group). This in turn shifts the peer—average
G1Y; but does not affect her outcome directly, making G?Xl a valid instrument for the
local-average peer effect. We demonstrate this formally in Appendix [A.T]

A parallel argument applies to the aggregate channel. The term A; X captures the total
exogenous characteristics of a student’s peer group, who the peers are and how many there
are. Holding fixed the observed composition of the peer group, changes in A;X; shift the
aggregate peer outcome A;Y; but not the individual’s outcome directly, once the average
peer composition is controlled for.

Finally, successful use of both instruments requires sufficient heterogeneity in network
structure. Identification hinges on network sparsity: friends of friends must not be the
same individuals as one’s own friends, and students must differ in their outdegree (the
size of their peer group) and in the composition of their second—order peers. When the
network is sufficiently sparse and these dimensions vary across students, G%Xl and A4;X;
generate exogenous shifts in peers’ outcomes along distinct dimensions, allowing separate
identification of the local-average and local-aggregate peer-effect parameters.

In order to introduce network heterogeneity we assume next that the parameters 3,; and
Bg.1 for network-specific peer effects can be explained by a set of network-specific observable

factors

Bi1 = Boj + v, p; for Jj=a,g, (4)



where v; is a k, X 1 vector of network-specific characteristics, and S, and 3y, denote the

intercept terms for j = a, g, respectively. Inserting into gives in matrix notation

Y, =X;0+4, (5)

with: X, =[X, X7 g @ g gl

6 :(7/; ’7;7 ﬁo,aa 60,g7 6;7 B_;)/

It is important to note that the n; x k regressor matrix X; with & = 2(1 + k, + k,) has
no full column rank because the interaction terms with v; imply perfect multicollinearity.
Consequently, GMM-estimation of @ for a single network becomes infeasible (see Appendix

for a more detailed exposition).

Multivariate Instrumental Variable Estimation (MVIV)

To estimate the network system in (1), we propose a GMM approach—Multivariate In-
strumental Variable Estimation (MVIV)—which recovers the parameter vector 6 under
heterogeneous peer effects for both types of peer behaviour.

By stacking the single network representations into a hyper-system, we obtain:

Y =X0+¢ (6)
where:
Yl 51 X1
- Y2 €2 X
Y = €= X =
?L {::L XL



Moreover, define Z = diag[Z; ] as the ((3°; ) % ¢L)-dimensional block-diagonal instru-
ment matrix with Z; as the n; x ¢-dimensional network-specific instrument matrix, where
q > k. Then, using the efficient GMM estimation approach for the system of networks
of the parameters in @ under network-specific heteroskedasticity leads to the following

MVIV estimator:

1
Orevry = (Z X; P, Xz) Z X, P, Y, (7)
] B

where P; = Z; [Z; D,; 7, } - Z, and D; = diag [eﬂ. The specific model assumption and the
proof are given in Appendix [A.3]

Note that, allowing the peer—effect coefficients to vary with class—level characteristics
v; does not introduce new sources of endogeneity. The only endogenous objects remain
the two peer aggregates A;Y; and G;Y;. The heterogeneous specification introduces addi-
tional endogenous regressors of the form gfv; and g/v;, but these are simply the original
endogenous peer variables multiplied by the class—level characteristics v;, which are con-
stant within each classroom and exogenous. Because v; enters only as a known scalar
multiplier, introducing it does not create any additional endogenous component beyond
A)Y; and G;Y;. The original instrument set {4;X;, G?X;} therefore remains valid for the
heterogeneous model and, as long as ¢ > k and there is sufficient variation in class char-
acteristics, provides enough exogenous variation to shift both the level and the interacted
endogenous peer terms through peers’ and second—order peers’ characteristics. Interacting
the instruments with v; (e.g. v;4,;X;) would not add identifying variation and would create
perfect multicollinearity, because v; is constant within each classroom and factors out of
the corresponding first—stage moment conditions. Thus, the heterogeneous specification
inherits the identification conditions of the homogeneous composite model and addition-

ally requires sufficient cross-class variation in the network-specific factors for system-level
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identification.
In the Web-appendix to this paper we demonstrate that our model can also be estimated
by an instrumental variable minimum distance (MDIV) strategy. This alternative approach

is asymptotically equivalent to MVIV and simple to implement.

3 Data

Our empirical study uses data from the Gymnasiasten-Studie (CAESR] 2007)), a longitudi-
nal survey of 3,385 10th-grade students enrolled in upper secondary schools (Gymnasium)
in North Rhine-Westphalia, Germany, during the 1969/1970 academic yearﬂ The initial
dataset includes 121 classes from 68 randomly selected upper secondary schools, providing
information on students’ prior school grades and individual characteristics such as gender
and age. Additionally, during the initial data collection period, a standard psychomet-
ric Intelligence Structure Test (IST) was administered in the classroom. Approximately
ten years after the original survey, students’ grades were retrieved from school archives.
Central to our study is the network data collected through the Sociometric Test in the
Gymnasiasten-Studie during the initial survey. To construct the adjacency matrices A;
and G, for each class, we use data on each student’s assessment of whom they liked in the
class based on the following questionﬁ

“In every class, there are fellow students who one likes more than others
in the class. Some others one finds quite unpleasant, and that is quite

normal. Kindly first list the students who you personally like a lot.”

As previously noted, most empirical studies on network peer effects in education rely on

2 Although the survey is longitudinal, classroom network data were collected only at the initial survey.
Three follow-up surveys were conducted, each conducted approximately ten years apart, but these later
surveys experienced significant panel attrition.

3The original question in German is “In jeder Klasse gibt es Mitschiiler, die man sympathisch findet
und die man mehr als andere in der Klasse gut leiden kann. FEinige findet man sicher recht unsympathisch,
und das ist auch ganz normal so. Wiirden sie nun zundchst einmal die Schiiler nennen, die Sie persénlich
gut leiden konnen.”

11



data from the National Longitudinal Study of Adolescent to Adult Health (Add Health).
Our unique network dataset differs from Add Health in several key aspects. One major
distinction is that in our dataset, students nominate their friends within the classroom,
whereas in Add Health, nominations are made at the school level. In the year the survey
was conducted, 10th-grade students in German upper secondary schools were taught in
stable class units with relatively fixed compositions over multiple years. Consequently,
collecting friendship nominations at the class level is likely more appropriate.

More importantly, the Add Health survey restricts respondents to naming up to ten best
friends (five male and five female), which may introduce a truncation issue that our dataset
avoids. In fact, |Griffith| (2021)) demonstrates that peer effects estimated from censored data
tend to be underestimated.

We construct our sample by merging information from three different sources: student
surveys (Hummell et al.| [1970)), administrative data from school archives (n et al., [1986),
and the sociometric test (Hummell et al., 2018). Among the 68 schools that initially
participated in the survey, 6 did not agree to the collection of administrative data due
to privacy concerns. The remaining 62 schools accounted for 91% of the initial sample of
students (3,010 students). Due to incomplete information in the school archives, it was only
possible to collect information on grades for approximately 2,700 students. Furthermore,
around 150 students neither answered the student survey nor participated in the sociometric
test. Lastly, we delete an observation when any of the variables used in the empirical model
was missing. This leaves a sample of 2,409 students and 101 classes. In network data,
removing individuals due to missing information might have different consequences than
in cross-sectional data. Specifically, it might lead to mismeasurement in the network if a
friendship link is affected by this. Following the identification approach by Bramoullé et al.
(2009), an implicit assumption in the literature, which we also adopt here, is that the links

among individuals are perfectly observed. The econometric implications of measurement
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error in networks remain largely unexplored. However, [Lewbel et al.| (2023) demonstrate
in a recent study that relatively small measurement errors in network data can be safely
ignored in estimation. In particular, they show that the instrumental variable estimators
like |[Bramoullé et al.| (2009) and their standard errors, remain consistent and valid, as long
as the number and size of measurement errors in an observed adjacency matrix is relatively
small. Although they do not consider a hybrid model with local-aggregate and local-average
effects together, they show for both cases separately that the usual asymptotics provide a
good approximation for inference. We believe that in our case the measurement errors in
the adjacency matrix caused by deleting individuals due to missing observations are small
enough to be ignored safely as they suggested. To keep the network structure in classes
as close as possible to the original one we further excluded two extreme classes which lost
a significant portion of the network. Thus the final estimation sample comprises 2,398
students across 99 classes[] Table provides summary statistics for the variables used
in our empirical analysis, along with some network statistics. The left panel of the table
shows the variables before applying the class size restriction, demonstrating that the sample
means are not significantly affected by this restriction.

Academic performance is measured by the average of the final grades (GPA) for all
compulsory and elective courses at the end of the school year 1969/70. As mentioned
before, we use the administrative data collected from the school archives to construct the
GPA. At the time of the survey, the choice of different courses within a class was very
limited, i.e., all students of the same class had to take the same courses. Selection of
certain specializations (e.g., languages, mathematics and sciences, humanistic secondary
school) occurred at the time of choosing the specific secondary school. Therefore, the GPA
within a given class is based on mostly the same subjects. The grades are measured in

terms of the German grading system: with 1 (‘very good’) being the best grade and 6

4We estimated the model excluding smaller classes using different thresholds for robustness checks, but
the results remained qualitatively consistent. The results are available upon request.
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(‘insufficient’) as the worst grade. In addition to the overall GPA, we also closely examine
scores in Mathematics and German to detect potential differences in peer behaviour across
subjects.

Individual heterogeneity in our model is captured by the student’s 1Q) score, the GPA
from the previous school year, and the student’s age. The 1Q is constructed as a standard-
ized, normed composite score combining four IQ subtests, scaled using intercorrelations and
age-specific norms, where higher values indicate higher intelligence (Hummell et al.| |1979).
We control for the GPA from previous year as a proxy for the overall school performance
at the beginning of the survey year. In order to account for network heterogeneity in the
peer effects of the local-average and local-aggregate models, we allow the two peer effect
parameters f,; and (3,; in Equation to depend on class-specific factors. As such factors
we use the relative class size, i.e., the size of the network relative to the largest class size,
and the fraction of girls in the class.

As pointed out above, the literature on the effects of the class size and gender (ratio)
on school outcomes is very rich. In general, the main consideration is the direct causal
link from class size to the outcome. Experimental evidence about gender diversity and
performance shows that team collaboration is greatly improved by the presence of women
in the group (see, for example, Bear and Woolley, 2011, and references therein). Therefore,
it seems reasonable to look for a potential indirect link through heterogeneous peer effects.

The network density is defined as the ratio of all connections in a network to the number
of potential connections. Thus, the denser a network is, the closer its density is to unity. In
our sample, network density varies between 0.05 and 0.35, with 58 classes having a lower
density than the mean, indicating rather sparse networks.

To obtain a better understanding of the network structure and its potential role for
peer effects, we take a look at the summary statistics of the friends’ nominations. The

average number of friends a student names (outdegree) is 5.48, indicating that students
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give considerable thought to nominating their friends. Figure [1| depicts the distribution
of friendship links. The distributions of outdegrees and indegrees—where the indegree is
the number of times a student is named by others—are consistent with the sparsity of the
networks. Most students name around five classmates they like, and very few name more

than ten peers.

Figure 1: Distribution of Friendship Nominations (Outdegrees and Indegrees)
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Histograms of the number of friends each student names (outdegrees) and the number of
times each student is named as a friend (indegrees). Both distributions have a median of 5
and a mean of 5.8.

4 Empirical Results

The primary specification in our study is the heterogeneous composite model given by ,
which incorporates the local-aggregate and the local-average peer effects model as nested
specifications. Although most of the empirical studies focus on peer effects resulting from
norm behaviour, and therefore favoring the local-average model, ex-ante, both hypotheses
on how peers affect individual educational achievement are reasonable. In fact, the two
effects may complement or even counteract each other.

In our empirical study we mainly focus on the GPA as the students’ outcome variable.

However, since peer effects may operate differently depending on the subject, we also
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study the peer effects for Math and German (see Tables |A2|and [A3|in the Appendix). As
predetermined or exogenous explanatory variables we use the GPA of the previous year,
IQ, and age, as well as their counterparts for the student’s peer group. As network-specific
characteristics we consider the relative class size and the fraction of girls.

The exogeneity assumption on the friendship links conditional on observed character-
istics and network fixed effects might fail if there are unobserved factors affecting both
link formation and the outcome variable. We believe that by including previous GPA, 1Q),
and age we control for the most important factors (or proxies for such factors) that might
affect current grades as well as the formation of friendship links. Specifically, we argue
that previous GPA reflects overall school performance at the beginning of 10th grade, 1Q
captures cognitive ability, and age serves as a proxy for age-specific skill differencesﬂ

Table [1| summarizes the estimation results for the composite, local-aggregate, and local-
average models with heterogeneous peer effects estimated using the MVIV approach with
globally differenced variables. As explained in Section 2, the identification of the peer
effects results from instruments that shift peers’ outcomes but do not directly affect the
individual: (i) the average characteristics of second-order peers for the local-average com-
ponent and (ii) the aggregate characteristics of peers for the local-aggregate component.
These variables affect a student’s friends through their own peer environments, thereby
generating exogenous variation in peer achievement and in the interaction terms with class
characteristics. Because second-order peers and aggregate peer characteristics affect the
individual only through their influence on direct peers, they plausibly satisfy the exclusion
restriction. This provides the necessary variation to identify the endogenous peer effect
and its heterogeneity with respect to class size and gender composition. To facilitate the
interpretation of the estimation results, we centered the network-specific characteristics

around their means. Consequently, the two intercept terms in (4]) represent the aggregate

5Since we are studying 10th graders, age variation largely reflects grade retention.
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and average peer effects for a class with average characteristics.

First and foremost, our results show that accounting for heterogeneity in peer effects at
the network level is crucial. We find strong evidence that peer effects vary with class size
and gender composition across subjects. Several studies that assume homogeneous peer
effects fail to find sufficient statistical evidence supporting their existence (e.g., Boucher
et al) 2014; Liu et al., 2014)). Similarly, our estimates remain mostly insignificant when
network heterogeneity is ignored (see Table in the Appendix).

Second, the mechanism through which peers influence student performance is also im-
portant, as both the local-aggregate and local-average mechanisms positively influence
student achievement in a representative classroom with average relative size and gender
composition. The Wald statistics in the last row of Table [I|indicate that the heterogeneous
local models are rejected in favor of the heterogeneous composite model. In what follows,
we therefore discuss only the coefficients estimated for the composite model.

In the composite model, the local-average intercept is strongly significant, whereas the
local-aggregate intercept is only significant at the 10% level.

This implies that an individual’s performance improves when their peers perform better,
either individually or on average in a typical class, i.e. in a class with average female share
and average class size. The local-aggregate peer effect is proportional to the number of
peers (the student’s outdegree), meaning that a larger peer group amplifies the impact on
an individual’s performance. To quantify this effect, we calculate the impact of a one-unit
change in the GPA of the peers on the individual’s GPA for both models. Nevertheless, the
local-average intercept is so much larger than the local-aggregate one that no reasonable
number of peers will make the local-aggregate effect exceed the local-average effect. More
specifically, in a class with average characteristics, the local-aggregate effect would exceed
the local-average effect only if the student had more than 360 peers. Given that the median

outdegree in our sample is 5 (see Figure [1)), it is safe to say that the local-average peer
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effect dominates the local-aggregate effect.

Table [1| shows for GPA that class-level characteristics shape the local-aggregate and
local-average peer effects in different ways. The effect of the female share is insignificant in
the local-average part but significantly negative in the local-aggregate part. Interpreting the
local average effect as the one reflecting norm behavior in peer groups, we can conclude that
the norm behaviour in classrooms does not change due to gender composition. By contrast,
the local-aggregate effect reflects performance spillovers from the overall achievement level
of classmates. The negative coefficient on female share in this component indicates that
these achievement-based peer spillovers become weaker as the proportion of female students
in the class increases.

Class size has a significantly negative effect on the local-average peer effect, but a pos-
itive and significant effect on the local-aggregate peer effect. A positive coefficient on a
class characteristic in a given peer-effect component means that this peer effect becomes
stronger as the characteristic increases, whereas a negative coefficient implies that the cor-
responding peer effect weakens when the characteristic is larger. Taken together, these
estimates indicate that the local-aggregate effect tends to become stronger as class size
increases, while the local-average effect tends to become weaker, and that the opposite pat-
tern holds for the female share. Behaviourally, this suggests that larger classes strengthen
achievement-based spillovers but dampen norm-related peer influences, whereas variation
in gender composition mainly operates by weakening achievement-based spillovers.

To give a sense of magnitudes of the effects, with the female share held at its average,
the local-aggregate peer effect increases from a value not statistically different from zero
for the smallest class size to about 0.0019 for the largest | The local-average peer effect is

estimated to be 0.2384 (standard error 0.0342) for the smallest class and 0.1260 (standard

SFor the smallest class size, the estimated local-aggregate peer effect is —0.0009 with a standard error
of 0.0009, so it is not statistically different from zero. For the largest class size, the estimate increases to
0.0019 with a standard error of 0.0006, holding the female share at its average.
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Table 1: MVIV Estimation Results for GPA

Heterogeneous Peer Effects Model

Composite

Local-aggregate

Local-average

Local-aggregate peer effect

Intercept  0.0005* 0.0005
(0.0003) (0.0004)
Relative Class Size  0.0045** 0.0044*
(0.0022) (0.0025)
Female Share -0.0029*** -0.0022***
(0.0008) (0.0009)
Local-average peer effect
Intercept  0.1810*** 0.2144%**
(0.0293) (0.0363)
Relative Class Size -0.1789*** -0.2243%**
(0.0594) (0.0701)
Female Share 0.0206 0.0082
(0.0198) (0.0206)
Own characteristics
IQ -0.0025%** -0.0026*** -0.0026***
(0.0003) (0.0004) (0.0004)
Previous GPA  0.7426*** 0.7492%** 0.7405%**
(0.0072) (0.0085) (0.0085)
Age -0.0189%** -0.0204*** -0.0148%**
(0.0042) (0.0050) (0.0049)
Peers’ characteristics
IQ  0.0011%* 0.0012** 0.0008
(0.0005) (0.0005) (0.0006)
Previous GPA  -0.0615** 0.0653*** -0.0788**
(0.0279) (0.0163) (0.0343)
Age -0.0227%%* -0.0137** -0.0222%**
(0.0049) (0.0054) (0.0058)
Wald statistics (d.f.) 49.25 (3) 18.71(3)
p-value 0.0000 0.0003

Estimates of the three model variants obtained by MVIV (multi-variable IV) es-
timation. The first column reports the composite model, the second the local-
aggregate model, and the third the local-average model. Following |Liu et al.
(2014), we use the average characteristics of second-order peers as instruments
for the local-average component and the aggregate characteristics of peers for the
local-aggregate component. The Wald statistics test the composite model against
each local model. Robust standard errors (heteroskedasticity-consistent) are re-
ported in parentheses. *p < 0.1; **p < 0.05; ***p < 0.01. N =2,398, L = 99.
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error 0.0353) for the largest class. Turning to the female share, the estimates for the local-
aggregate component suggest some variation across the female-share distribution, whereas
the local-average component is essentially unchanged. At the average class size, the local-
aggregate peer effect is about 0.002 at the minimum observed female share and about
—0.0010 at the maximum, but is not statistically different from zero.[] By contrast, the
local-average peer effect remains around 0.16-0.17 and does not vary significantly with the
female share.

We view this pattern as descriptive evidence that the strength of different peer-effect
components depends on the broader classroom context in which friendships are embedded.
One potential interpretation is that, in larger classes, teachers have less scope for individ-
ualized support, so students rely more on friends for academic help, which makes the total
performance of friends (local aggregate) more influential. At the same time, norms and
social comparisons may be less tightly tied to a single small group in larger classes, which
could weaken the role of the average performance of friends (local average). However, the
data do not allow us to clearly distinguish this channel from other potential mechanisms,
so we view this interpretation as suggestive rather than conclusive.

It is important to emphasize that this class size effect is novel in the literature, as
it operates through peer behaviour. This effect complements the direct impact of class
size on student performance, which is traditionally examined in studies on educational
achievement. To our knowledge, class size effects on educational performance have only
been studied as level effects. In our model we account for the presence of such effects by
partialling out specific network level effects represented by 7, (see Eq. ) Therefore,
the effect of class size on peer behaviour represents an additional channel for the impact
of class size on educational achievement. Unlike the conventional direct effect of class size

in reduced-form specifications, its influence through peer behavior highlights the role of

"For the local-aggregate peer effect, the estimate at the maximum female share is —0.0010, with a 95%
confidence interval of [—0.0021, 0.0001].
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social interactions, which in turn partially shape individual performance. In this sense, our
approach also offers a specific structural explanation for variations in class performance.
Figure [2] illustrates the variation in the combined peer effect across different class sizes
and gender compositions. In larger classes with a high proportion of female students, the
peer effect is at the lower end of this range. Overall, the combined peer effect ranges from

about 0.13 to 0.24.

Figure 2: Peer Effects by Class Size and Gender Composition (GPA)
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Surface of the estimated combined peer effect as a function of class size and gender composition
for a student with an outdegree of 5, based on the parameter estimates of the composite model
in Table[I}] The peer effect measures the change in a student’s GPA resulting from a one-unit
increase in the GPA of all five nominated peers. Circles indicate the observed class combinations
of class size and female share, plotted at their corresponding estimated peer effects.

The coefficients on own IQ and own previous GPA have the expected signs. As antic-
ipated, last year’s GPA is a strong predictor of current performance: students with worse

previous grades tend to perform worse again. Students with a higher 1Q also perform bet-
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ter, and we find evidence that older students achieve slightly better outcomes. Recall that
in the German grading system lower numerical values of GPA indicate better performance.

Our results point out to rather complex and puzzling interactions between the students
and their peers when considering jointly the (endogenous) peer effects as discussed above
with the exogenous peer effects (7, in (|1))). The peers’ IQ and peers’ GPA significantly
affect individual performance, and their signs are opposite to the corresponding own ef-
fects: higher peer 1Q is associated with worse performance, whereas higher peer GPA (i.e.
worse grades) is associated with better performance, conditional on own characteristics. In
contrast, having older peers is associated with better individual performance, in line with
the positive effect of own age.

The MVIV estimates of the heterogeneous composite and local models with grades
in Math and German as dependent variables are reported in Tables and in the
Appendix. For both subjects, we again find heterogeneity in peer effects across class
characteristics and transmission mechanisms, although the patterns are less pronounced
than for GPA. In the local-aggregate component, the intercept is 0.0019 (standard error
0.0006) in German and 0.0012 (standard error 0.0008) in Math; the former is precisely
estimated, whereas the latter is not statistically different from zero, and in both subjects
the coefficients on class size and female share are estimated imprecisely. By contrast, the
local-average component displays clearer subject-specific differences: in German, the local-
average effect is large and precisely estimated and increases with class size, whereas in Math
the local-average effect is smaller and accompanied by a significantly negative coefficient on
female share, with the class-size coefficient remaining imprecisely estimated. Coefficients
on exogenous peer characteristics are generally comparable across subjects and broadly
consistent with the GPA results. Figures [3] illustrate how the combined peer effect varies
with class size and gender composition for Math and German.

Across the three outcomes, the role of gender composition appears to be subject specific.
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Figure 3: Peer Effects by Class Size and Gender Composition (German and Math)
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Surfaces of the estimated combined peer effect as functions of class size and gender composition
for an outdegree of 5, based on the parameter estimates of the composite model in Tables
(German, left) and (Math, right). The peer effect denotes the change in a student’s German
(Math) score resulting from a one-unit increase in the German (Math) score of all five nominated
peers. Circles indicate the observed class combinations of class size and female share, plotted
at their corresponding estimated peer effects.

For GPA, the total peer effect is positive across classroom profiles and changes little with
the female share, suggesting that gender mix is not a key determinant of overall achieve-
ment spillovers. In German, the only systematic heterogeneity arises through class size:
peer effects are substantially stronger in larger classes, while the female-share coefficients
are not statistically meaningful. In Math, by contrast, peer effects vary with gender com-
position: the local-average component declines significantly with the female share, whereas
the class-size coefficient is estimated imprecisely. Although we cannot identify the un-
derlying mechanisms, these patterns indicate that the strength of peer effects depends on
classroom gender composition and class size in ways that differ across subjects.

For completeness, Table reports the MVIV estimates for the homogeneous peer-
effects specifications for GPA, German, and Math. The Wald tests at the bottom of the
table compare each homogeneous model with its heterogeneous counterpart. For GPA
and the German grade, the composite specification rejects homogeneity at conventional
significance levels, confirming that allowing peer effects to vary with class characteristics

provides a significantly better fit than a model with constant peer effects. For the Math

23



grade, the statistical evidence against the homogeneous model is weaker. Overall, however,
the composite results point to empirically relevant heterogeneity in peer effects across all
three subjects. It is also important to note that the homogeneous peer-effect estimates
obtained with MVIV for GPA and Math are broadly similar in magnitude and sign to those
reported by Liu et al. (2014) for “study effort.” As in our case, the peer-effect coefficients
in Liu et al. (2014) are estimated imprecisely.

For comparison, Table reports the OLS estimates of the composite peer-effects
model. As expected, these coefficients on the endogenous peer terms differ from the MVIV
results. Because peers’ outcomes are jointly determined, OLS cannot recover the causal peer
parameter and therefore delivers biased and often attenuated estimates. In contrast, the
MVIV approach corrects this endogeneity and yields, in most cases, larger and statistically
significant peer effects, while the coefficients on own characteristics remain broadly similar

across the two methods.

5 Conclusions

This paper contributes to the expanding body of empirical literature on social networks.
Specifically, we examine the impact of heterogeneity on network peer effects by accounting
for both network-specific factors and the various mechanisms driving peer behaviour. We
consider a network model that allows for both network-specific heterogeneity and multiple
peer-effect mechanisms and propose a Multivariate Instrumental Variable (MVIV) approach
to estimate this parametrically rich model. We demonstrate the versatility of our approach
by studying the role of class size and gender composition for peer effects in the classroom,
using a unique dataset comprising friendship networks of 99 secondary school classes in
Germany.

We find that network-specific factors, such as the size of the network (e.g., a school class)
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and its gender composition, significantly influence the effects that peers exert on students’
educational outcomes. By contrast, models that assume homogeneous peer effects yield
mostly insignificant results. In addition to network characteristics, behavioural hetero-
geneity in the educational context plays a crucial role: a student’s attainment is shaped by
both the size of their peer group (the local-aggregate mechanism) and normative behaviour
within that group (the local-average mechanism).

Our empirical analysis yields several broader insights for the study of peer effects and for
education economics. First, this type of network-specific heterogeneity within a structural
framework has, to our knowledge, not been examined previously. Second, most existing
empirical evidence is based on Add Health data, whereas we contribute new findings using
previously unexploited European classroom network data. Third, our study adds to the
extensive literature on the determinants of educational achievement by demonstrating that
class size affects peer behaviour in systematic ways. In particular, increasing class size
can diminish positive peer behaviour in some subjects, while in others it strengthens the
influence of peers. Unlike many reduced-form approaches, our method provides a structural
interpretation of why class size and gender composition matter and how these channels differ
across subjects. In this sense, we identify peer behaviour as a specific mechanism through
which class size influences educational attainment.

We view our study as a promising foundation for more realistic modelling of hetero-
geneous network behaviour and for a deeper understanding of network dynamics. Future
research should explore more advanced approaches to modelling network heterogeneity,
such as nonlinear or nonparametric specifications of heterogeneous peer effects. For ex-
ample, the two-step nonparametric GMM procedure of [Hong et al.| (2024)), developed for
varying coefficients in spatial dynamic panel models, may offer a flexible way to extend our
framework. Additionally, further work should examine how properties of network structure

(e.g., features of adjacency matrices) influence the identification of peer effects.
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A further step would be to allow for heterogeneous peer effects in a correlated random-
coefficients framework. Recent work by Masten| (2018) shows that random peer-effect pa-
rameters can be identified in simple linear-in-means models, but it is still unclear how such
results carry over to network settings. Adapting network-based identification strategies
to this type of random-coefficient structure is therefore an attractive direction for future

research.
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A Appendix

A.1 Identification of homogeneous local average model

For ease of exposition the results presented in this appendix are based on the local-average
model with heterogeneous peer effects (8,; = 0,8,; = ;). To simplify the notation,
we assume that the correlated effect 1, is zero or has been partialled out. Moreover,
we concentrate on one exogenous factor (k, = 1) and one factor driving the peer effects

parameter k, = 1. Thus, the local-average model in vector notation is given by:
Yl:’yxl+’ygx?+61y[g+€l7 (l:177L) (8>

where Y is the n; x 1 vector of outcome variables, GG; the row normalized adjacency matrix,
x; the exogenous factor, x{ = Gz, the average exogenous factor of the peers and yj = G,Y,
as the the n; x 1 vector of average outcome of the peers. Solving (8 for Y, yields the reduced

form expression:

Y, = (I, — BzGl)_l(Wm +9,G) i + (I, — ﬂzGl)_lﬂ- 9)

In the terminology of instrumental variables estimation the corresponding first stage re-
gression for the local average specification can be obtained by premultiplying @ by the

adjacency matrix (. This gives for the expected value:
Ely!|z, Gi] = Gi(I,, — 5ZG1)_1(7[nl +7,Gi) ;. (10)

In order to see that the peers outcome y; is a function of the exogenous characteristics
of the peers of peers (higher order peers) note that for || < 1 the matrix inverse can be

expressed as an infinite series, ([m — ﬂlGl)fl =TI, + 0G + G+ ...
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Replacing in the inverse by the infinite series gives the desired result:

Elyf| 21, Gi] = v + (v, +v8) Y _ B G2 (11)
k=0

If v, 475 # 0 and I,,,, G;, and G} are linearly independent, the parameters are identified
(see Bramoullé et al., |2009, Proposition 1). Linear independence between matrix G; and
G? is obtained if the network is sufficiently sparse.

For the identification conditions for the local aggregate and the composite model we
refer to Liu et al.| (2014, Proposition 2). These conditions are generally weaker than the

ones for the local average model given above.

A.2 (Non-) Identification of a single network [

Based on , it is apparent that (G?z;, Gixy,...) can serve as instruments, thus the IV
estimator of parameters in is consistent and asymptotically normal for n; — oo.
Assume now that the heterogeneous peer effects parameter 5; depends linearly on the
observable factor v;: 3, = By + Biv.
Even without the presence of endogeneity the k x 1-dimensional overall parameter vector

0 = (7,7, Bo, B1)" of the structural equation
Y =y + 7] + Boyl + Bruy] + e =X 0+ ¢ (12)

are not identified on the network level since the y/ and v;y; are proportional such that the

n; X k dimensional regressor matrix X; = [Jcl z] oyl vlyﬂ has no full column rank.
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A.3 MVIV Estimation

Assumption A.1 (Set of Peer Effects Networks)
Consider the model for the [-th network as defined in (12 and assume that the following

conditions hold:

(i) Eleiy zig] =0
(i) Vlewlzi] = of(zi)
(iii) E[Zi,l X;,z} = Q. is a finite ¢ X k - matrix
(iv) E[zijl Zé,l} = ()., is a finite, non-singular ¢ x ¢ - matrix
(v) E[Xi’l X;J] = Quz, 1s a finite k x k - matrix
(vi) Let N =31 n; and w, = 2 — w) with 0 < wp <1 for ny — oo.

Definition A.1 (Moment function of a single network)
Let S; denote the set of all observations ¢ belonging to network [ and let d; = 1(i € §;) be
a independent binary variable indicating whether observation ¢ belongs to network [ with

E[d;] = w;. Then

(i) Yy = zgeqdy with dy = 1(i € §;) is well-defined moment function for network [ with
moment restriction E[¢y] = E[d;]| Elzy ;] = 0.

(ii) V[l = E[puy] = wi E[fz?z Zi1 2

The moment functions as defined in Definition can be stacked into an (q - L)-

dimensional vector of moment function v); as defined below.

Definition A.2 (Moment Function of the Network)
Let ¢; = (W, ¥y, ..., Y] L)/ be the ¢ - L-dimensional vector of moment functions for obser-

vation ¢ with variance-covariance &y = V[¢);] = diag [wl V; }, with V; = E[e? z; z};]
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Definitions and allow us to formulate the empirical moment function of the

network in terms of the overall sample size.

Zﬁ\i1 %1 % sz\il Z;1 Eildil le €1

- 1 ZZJL () % Zfil Zio Eiod;o 1 | Zyeo 1,

Y . - =% =vZe  (13)
2511 Yir, = Zfil Zir, €indir, Z)ep

Our proposed MVIV estimator is the asymptotically efficient two-step GMM estimator

based on the vector of empirical moment functions (L3)):

Orviv = argmin g &1y, (14)
0

where ® is a consistent estimate of the optimal weighting matrix ¢y given by:
P = diag [d}l_lffl_l]

with &, = n;/N and Vl_l = nil Z,D;Z; and D, = diag [eﬂ, where ¢; are the residuals from
first step. Due to the linearity of the moment functions the GMM estimator takes the

well-known form:
éMVIV Z(X’ZCff1 Z'X)_IXZCfD’1 Z\Y
L L
L(OXPX) XY, 13
1 =1

=

with P, = Z, [Z, D, Z,] ' Z;.

For a single network (L = 1), the matrix X} Py X; is singular and the estimator would
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not be identified. However, the sum

L
> X|PX
=1

is non-singular if the network-specific variables differ across networks. Thus, identification
of the network-specific peer-effect parameters crucially depends on variation in v; across
networks. See the Web Appendix for a numerical illustration for L = 2 and for a comparison

of MVIV and MDIV, which rely on the same identification condition.
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B Tables

Table Al: Summary Statistics

Entire Sample Estimation Sample

Mean Std. Dev. Mean Std. Dev.

Outcome Variables

GPA® 3.20 0.48 3.20 0.48
German 3.46 0.76 3.46 0.76
Math 3.50 0.96 3.50 0.96
Individual characteristics

IQ 110.51 11.42 110.49 11.42
Previous GPA® 3.19 0.49 3.19 0.49
Age 15.39 0.87 15.39 0.87
Network measures

Class size 28.92 5.72 28.90 5.72
Relative Class size® 0.74 0.15 0.74 0.15
Sample Class size® 25.31 5.29 25.41 5.13
Female share 0.53 0.43 0.53 0.43
Sample female share®  0.53 0.43 0.53 0.43
Density 0.17 0.06 0.17 0.06
N 2,409 2,398

L 101 99

Note: Own calculations. We exclude classes with fewer than 13 students in
the estimation sample. a: Better grades are represented by lower values. b:
relative class size represents the class size divided by the size of the largest
class. ¢: Sample class size refers to the number of remaining students in the
classroom after deleting the individuals with missing information either in
the survey data, administrative data, or in the sociometric test. The same
principle applies to the calculation of the female share measure. The network
density is defined as the ratio of all connections in a network to the number
of potential connections.
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Table A2: MVIV Estimation Results: German

Heterogeneous Peer Effects Model

Composite Local-aggregate Local-average

Local-aggregate peer effect

Intercept  0.0019*** 0.0020%**
(0.0006) (0.0007)
Relative Class Size 0.0018 0.0047
(0.0034) (0.0045)
Female Share -0.0019 -0.0016
(0.0015) (0.0016)
Local-average peer effect
Intercept  0.1598%** 0.2215%**
(0.0258) (0.0323)
Relative Class Size  0.2763** 0.3392**
(0.1199) (0.1463)
Female Share 0.0479 0.0690
(0.0371) (0.0458)
Own characteristics
IQ -0.0058%** -0.0050*** -0.0053***
(0.0006) (0.0008) (0.0008)
Previous GPA  0.7970*** 0.8058*** 0.8063***
(0.0139) (0.0175) (0.0177)
Age -0.0720%** -0.0719%** -0.0760***
(0.0079) (0.0096) (0.0102)
Peers’ characteristics
IQ 0.0025%** 0.0027** 0.0019*
(0.0010) (0.0011) (0.0012)
Previous GPA -0.0201 0.1309%** -0.0739*
(0.0332) (0.0318) (0.0420)
Age -0.0564*** -0.0511*%* -0.0496***
(0.0095) (0.0101) (0.0120)
Wald statistics (d.f.) 40.86 (3) 16.07 (3)
p-value 0.0000 0.0011

Estimates of the three model variants obtained by MVIV (multi-variable IV) es-
timation. The first column reports the composite model, the second the local-
aggregate model, and the third the local-average model. Following |[Liu et al.
(2014)), we use the average characteristics of second-order peers as instruments
for the local-average component and the aggregate characteristics of peers for the
local-aggregate component. The Wald statistics test the composite model against
each local model. Robust standard errors (heteroskedasticity-consistent) are re-
ported in parentheses. *p < 0.1; **p < 0.05; ***p < 0.01. N =2,398, L = 99.
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Table A3: MVIV Estimation Results: Math

Heterogeneous Peer Effects Model

Composite Local-aggregate Local-average

Local-aggregate peer effect

Intercept 0.0012 0.0005
(0.0008) (0.0010)
Relative Class Size 0.0017 0.0078
(0.0057) (0.0067)
Female Share -0.0010 -0.0014
(0.0019) (0.0020)
Local-average peer effect
Intercept  0.0783*** 0.1096%**
(0.0286) (0.0357)
Relative Class Size 0.1705 0.3387***
(0.1063) (0.1126)
Female Share -0.0696** -0.0704*
(0.0348) (0.0384)
Own characteristics
IQ -0.0169%** -0.0170*** -0.0164***
(0.0009) (0.0011) (0.0011)
Previous GPA  (.8482*** 0.8573*** 0.8655%**
(0.0178) (0.0228) (0.0220)
Age -0.0343%** -0.0398%** -0.0258%*
(0.0110) (0.0135) (0.0135)
Peers’ characteristics
IQ 0.0036*** 0.0030** 0.0038%**
(0.0012) (0.0015) (0.0015)
Previous GPA -0.0686 -0.0237 -0.0980*
(0.0453) (0.0435) (0.0546)
Age -0.0014 0.0157 -0.0050
(0.0126) (0.0150) (0.0155)
Wald statistics (d.f.) 11.49(3) 3.48(3)
p-value 0.0095 0.322

Estimates of the three model variants obtained by MVIV (multi-variable IV) es-
timation. The first column reports the composite model, the second the local-
aggregate model, and the third the local-average model. Following |[Liu et al.
(2014)), we use the average characteristics of second-order peers as instruments
for the local-average component and the aggregate characteristics of peers for the
local-aggregate component. The Wald statistics test the composite model against
each local model. Robust standard errors (heteroskedasticity-consistent) are re-
ported in parentheses. *p < 0.1; **p < 0.05; ***p < 0.01. N =2,398, L = 99.
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Table A5: OLS Estimates: Composite Peer-Effects Model

OLS Estimates: Composite Peer-Effects Model

Parameter GPA German Math

Local-aggregate peer effect

Intercept 0.0006 0.0027** 0.0010
(0.0007) (0.0014) (0.0016)

Relative Class Size 0.0027 0.0029 0.0054
(0.0043) (0.0083) (0.0112)

Female Share -0.0014 -0.0032 -0.0013

(0.0014)  (0.0027)  (0.0032)

Local-average peer effect

Intercept 0.0948* -0.0084 0.0028
(0.0516) (0.0430) (0.0460)
Relative Class Size -0.2000 0.0924 -0.0209
(0.1242) (0.2304) (0.2279)
Female Share 0.0042 -0.0187 -0.0846

(0.0394)  (0.0673)  (0.0716)

Own characteristics

1Q -0.0028*%* -0.0054% % -0.0175%**
(0.0006)  (0.0013)  (0.0017)

Previous GPA 0.7336%%%  0.7819%F*  (.8324%**
(0.0143)  (0.0292)  (0.0354)

Age -0.0265%%* -0.0786***  -0.0261

(0.0079)  (0.0166)  (0.0212)

Peers’ characteristics

1Q 0.0013 0.0034* 0.0019
(0.0010) (0.0020) (0.0024)
Previous GPA 0.0044 0.1026 -0.0662
(0.0520) (0.0637) (0.0799)
Age -0.0218**F  -0.0464** 0.0262

(0.0096)  (0.0199)  (0.0245)

Ordinary least squares estimates of the composite peer-effects model
for GPA, German, and Math. Robust standard errors
(heteroskedasticity-consistent) are reported in parentheses. *p < 0.1;
*p < 0.05; ***p < 0.01. N =2,398, L =99.
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Invertibility of the Pooled Moment Matrices

In general, there is no simple closed-form expression for

(A + Ay) ™!

in terms of A;' and Ay, even if A; and A, are symmetric.

(i) Under Invertibility:

If A; (or alternatively A,) is invertible, the matrix inversion lemma (also known as the

Woodbury formula) applies. The general form is:

(Ap 4+ Ag) = A7 — ATH(I + A ATH) A AT (WA.1)

Alternatively, this can also be written symmetrically as:

(A + Ag) ™t = A3t — AN + A AGH) AL AT (WA.2)

Both equations are equivalent when A; and A, are invertible. However in our case A; and
Ay are both singular. The Woodbury formulas (WA.1)) and (WA.2) do not apply for our

case.

(i1.) Under Non-Invertibility:
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In our case we have to take a closer look at the structure of X]X; + X}, X5. Let us take a

look at the moment matrix of network [:

2 2
1 1 IRV a v

n ny 2 2 2 2
Ulzixz‘,l v Zz%z via; vpap

2

where q; = n% >_; T;; > 0. For the sum of the moment matrices we get:

1 1 ay + az V101 + V202

M=—X|X,+—X,X, = (WA.3)
ny no

viay + vaay  viay + viay

The determinant of the moment matrix M is given by:

det(M) =(a; + az)(via; + vias) — (viay + voas)?

=ayas(vy — v7)?,

which is positive for v; # v9, i.e. if the network specific factors differ.

Mainimum Distance IV Estimator

In the following we show that our proposed MVIV estimator has a Minimum Distance
(MD) representation where the single network parameters are estimated by IV-GMM in
the first stage stage.

The first estimation stage of the Minimum Distance Instrumental Variable (MDIV)

WA2



estimator is based on the IV regression:
Yl = Wlﬂ'l—i—a’fl, (lzl,,L) (WA4)

where m; = (7,7, Bg,l)/ is the first-stage (“reduced form”) parameter vector. This equation
is in fact same as . The n; x k, dimensional regressor matrix W; = [:cl it yﬂ has full
column rank.

Assuming heteroskedasticity within-network the IV-GMM estimator for network [ is:

i = (W, P,W,) WP, Y, (WA.5)
with V7] = (W;P,W,) .

The restriction between the first-stage reduced form parameter vector 7; and the struc-

tural form parameter vector € is given by
7Tl(9) :Ml 0 s (WA6)

with

Mi=10 I, 00

where k, = 1 for the simplified model with only one regressor. Stacking the restrictions

between the L reduced form parameter vectors 7, and the structural form parameter 6
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given by (WA.6|) into a (k,L x 1)-vector containing the complete set of restrictions gives:
m(0) = M0, (WA.7)

with 7(0) = (71(0), m(0)', ..., 7(0)) and M = (M}, M}, ..., M})".
In the second step we estimate 6 by minimizing the weighted quadratic distance between
the estimated reduced form parameter vector #(0) = (71,75, ..., fr’L)/ and M6 with respect

to the structural parameter vector 6 based on the estimated optimal weight matrix ! =

VA
Oripry = argmin [ — M6]'Q ' [# — M0, (WA.8)
0

Because of the independence of the networks, the estimated weighting matrix is block-
diagonal of the form: Q' = diag[V [#] '] = diag| WP, W,]. Moreover, due to the
linearity of the restriction between 7 and 6, the MDIV can be represented as a generalized

least square estimator of a regression of 7 on M:

(S M M) (S MV ] ) (WA.9)

Equivalence of MVIV and MDIV

Proposition 1 (Equivalence of Estimators)
For the a heteroskedastic network design given by Assumption the Minimum Distance
estimator 0yp v given by (WA.9) and the the MVIV estimator éMV 1v given by are

numerically equivalent.
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Proof 1 (Equivalence of MVIV and MDIV)
Decomposing the first stage estimate of the reduced form parameter vector and using the

restriction m; = M;0:

i =m+ (WP, W) W Pg (WA.10)

—Mf + (WP, W) WP g (WA.11)

yields the first stage estimator in terms of 6. Inserting (WA.11)) into (WA.9)) gives:

L
. (Z MV 7)Mo+ (WP, W) WP, gl]>

=1 =1

N
Il
—
—
Il
i

where we used to obtain the final equation the following relationships:
9 Wl Ml = Xl
o MV x| M, = M)W P, WM, = X| P, X,
o M{V &) (W,P,W,) " WP = X, Pg

Inserting into yields the decomposed éGM u and the desired result:

L
Orrvivy =0+ (ZXE P, Xl)il ZX; Pie; = Oyprv
-1

=1

~

Practical Note on the Equivalence of MVIV and MDIV: One can verify the
equivalence numerically by constructing P, from a common set of classwise reduced-form

residuals Y, = Wim + ¢, and plugging the same P, into both expressions. However, the
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natural implementation of the two estimators leads to different first-stage choices, and
therefore to different weighting matrices. In the MVIV formulation, the most natural first

stage is a system-level regression that stacks all classes and estimates

L -1/ L
b1 = (Z X,’Pl,le) (ZX{PUYZ),
=1 =1

after which the class-specific residuals ¢, = Y] — Xlél are used to form P,. In contrast,
the MDIV approach naturally relies on classwise reduced-form first stages, estimating each
7 separately from Y, = W;m + ¢; and constructing P, from the corresponding class-level

residuals.

Because these two first-stage strategies differ, the resulting weighting matrices P, also
differ in practice, and the two-step GMM estimators no longer coincide in finite samples
even though they remain asymptotically equivalent. Thus, the equality GMVIV — gMDIV iy
Proposition 1 applies only to a specific implementation that forces both procedures to use

exactly the same weighting matrices; it is not a statement that the two estimators coincide

for all reasonable two-step implementations.
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